In this paper, the efficiencies of various second order response surface designs, like second order rotatable designs (SORD), second order slope rotatable designs (SOSRD), SORDs with an equi-spaced doses design, and SOSRDs with an equispaced doses design using symmetrical unequal block arrangements (SUBA) with two unequal block sizes, are studied for the estimation of responses and slopes at different points (central, axial, cube corner points) on second order response surface designs. The study is done because in some cases a SORD, and SOSRD constructed by using a SUBA with two unequal block sizes have fewer design points compared to those constructed by other methods.
Introduction
introduced a series of response surface designs with the property that the variances of estimates of responses at points equi-distance from the centre of the design are all equal. They called these designs rotatable designs when the relationship between the response variable and several input variables is a quadratic or cubic or higher order polynomial. Das and Narasimham (1962) constructed rotatable designs through balanced incomplete block designs (BIBD). Raghavarao (1963) constructed second order rotatable designs (SORD) using incomplete block designs. Dey (1970) studied response surface designs with equi-spaced doses.
The study of rotatable designs mainly emphasizes the estimation of the absolute response. Estimation of differences in responses at two different points in the factor space will often be of great importance. In the case of differences at two points close together, estimation of the local slope (rate of change) of the response is of interest. Estimation of slopes occurs frequently in practical situations. For instance, there are cases in which we want to estimate the rate of reaction in a chemical experiment, the rate of change in the yield of a crop to various fertilizer doses, the rate of disintegration of a radioactive material in an animal etc. Hader and Park (1978) introduced slope rotatable central composite designs. Victorbabu and Narasimham (1991) constructed second order slope rotatable designs (SOSRD) using BIBD. Victorbabu et al. (1994) constructed SOSRDs with equi-spaced levels using incomplete block designs with unequal block sizes. Victorbabu (2002a) studied SOSRDs with equi-spaced levels. Victorbabu (2002b) constructed SOSRDs using symmetrical unequal block arrangements with two unequal block sizes. Victorbabu and Vasundharadevi (2004) studied the efficiencies of second order response surface designs for the estimation of responses and slopes using BIBD.
In this paper, the efficiencies of various second order response surface designs like SORDs, SOSRDs, SORDs with an equi-spaced doses design, and SOSRDs with an equi-spaced doses design using symmetrical unequal block arrangement with two unequal block sizes are studied for the estimation of responses and slopes at different points (central, axial, cube corner points) on second order response surface designs.
Some Preliminaries Regarding Response Surface Designs
A design for fitting a response surface consists of a number of suitable combinations of levels of several input factors. We shall use 'v' for the number of factors and 'N ' for the number of combinations in the design, each factor having a constant number of levels. A response surface design can be written as v rows and N columns each. Each row is a combination of v-level codes, one from each of v-ordered factors. A combination of level codes is also called a design point. The combination with 0-code for each factor is called a central point.
Suppose we want to use the second order response surface design D = ((x iu )) to fit the surface,
where x iu denotes the level of the i-th factor (i = 1, 2, . . . , v) in the u-th run (u = 1, 2, . . . , N) of the experiment, and e u 's are uncorrelated random errors with mean zero and variance σ 2 .
Here b 0 , b i , b ii , b ij are the parameters of the model and Y u is the response observed at the u-th design point. The parameters in the response relation are estimated using the least squares technique. Further we impose the following simple symmetry conditions on the design points to simplify the solutions of the normal equations.
where c, λ 2 and λ 4 are constants. Using these symmetry conditions we obtain the estimates of the parameters aŝ
.
Using these solutions, variances and covariances of these estimates are given below:
, and other covariances are zero.
An inspection of the variances shows that a necessary condition for the existence of a non-singular second order design is λ 4 (c + v − 1) − vλ 2 2 > 0, which leads to the condition
Using these variances and covariances, the variance of the estimated response at any point can be obtained. LetŶ u denote the response at the point (x 1u , x 2u , . . . , x vu ) as estimated using the response relation. Then 
Definition of Second Order Rotatable Design (SORD):
A second order response surface design D is said to be an SORD, if in this design c = 3,
ju and all the other conditions (1.2), (1.3), (1.4) and (1.6) hold. Hence the variance of the estimated response of Y u from the fitted surface is only a function of the distance (
iu ) of the point (x 1u , x 2u , . . . , x vu ) from the origin (center) of the design (cf. Box and Hunter (1957) ).
Slope Rotatable Designs:
For the second order response surface design given in equation (1.1), we have
The condition for the right hand side of equation (1.10) to be a function of the distance (
Therefore, conditions (1.2) to (1.6) and (1.11) lead to the condition
Definition of Second Order Slope Rotatable Design (SOSRD):
A second order response surface design D is said to be an SOSRD if the variance of the estimate of the first order partial derivative (∂Ŷ u /∂x i ) with respect to each of the independent variables (x i ) is only a function of the distance (
iu ) of the point (x 1u , x 2u , . . . , x vu ) from the origin (center) of the design. Such a spherical variance function for the estimation of slopes in the second order response surface is achieved if the design points satisfy the conditions (1.2), (1.3), (1.4), (1.6) and (1.12) (cf. Hader and Park (1978) , Victorbabu and Narasimham (1991) ).
SUBA with two unequal block sizes (cf. Raghavarao, 1962):
Let v-treatments 1, 2, . . . , v satisfy the following relations: (a) Any two treatments are either the 1st or 2nd block associates, the relation of the block association being symmetrical, i.e., if treatment θ is the i-th block associate of φ, then φ is the i-th block associate of θ.
(b) Each treatment θ has µ i , i-th block associates, the number µ i being independent of θ.
(c) If any two treatments θ and φ are i-th block associates, then the number of treatments which are j-th block associates of θ and k-th block associates of φ is p ijk , and is independent of the pair of i-th block associates θ and φ. Also p ijk = p ikj .
Definition of SUBA with two unequal block sizes:
The arrangement of v-treatments, satisfying the above conditions, in b blocks where b 1 blocks of size k 1 and b 2 blocks of size
, is said to be a symmetrical unequal block arrangement with two unequal block sizes if (i) every treatment occurs in
, and (ii) every pair of first associate treatments occurs together in u blocks of size k 1 and in (λ − u) blocks of size k 2 , while every pair of second associate treatments occurs together in λ blocks of size k 2 .
From (i) each treatment occurs in (
are known as the parameters of the SUBA with two unequal block sizes.
Let there be a SUBA with two unequal block sizes with the parameters
Let us write the design in the form of a b × v matrix, the elements of which are zero and α. If in any block a particular treatment occurs, the element in that block corresponding to that treatment will be α, otherwise, zero. We denote these design points generated from the transpose of the incidence matrix of an SUBA with two unequal block sizes by [α − (v, b, r, k Let 2 t(k) denote the number of design points of a fractional factorial design of 2 k in ±1 levels, such that no interaction with less than five factors is confounded
design points generated from the SUBA with two unequal block sizes by 'multiplication' (cf. Raghavarao (1971) , pp. 298-300), (±β, 0, 0, . . . , 0)2 1 denotes the design points generated from (±β, 0, 0, . . . , 0) point set, ∪ denotes the union of the design points generated from different sets of points and (n 0 ) is the number of central points in the design.
Result. Construction of SOSRD using a SUBA with two unequal block sizes (Victorbabu (2002b) 
points, where (β/α) 2 is a positive real root of the equation
If at least one positive real root exists for equation (1.13) then the design exists.
Equi-spaced doses designs:
The SORD/SOSRD is not generally available with equi-spaced doses (levels). Though designs with equi-spaced levels are not necessary, they are likely to be preferred in view of the case in handling the doses. Further in SORD/SOSRD, the calculation of the actual doses often requires approximations and hence actual dose levels can not be applied in practice. For example, in Agriculture experiments, the factors may have equi-spaced doses. The response surface designs with v-factors each having equi-spaced doses may be obtained by using a SUBA with two unequal block sizes as follows:
Consider the following sets of points: (i) b2 t(k) points obtained through the incidence matrix of a SUBA with two unequal block sizes [α − (v, b, r 
(ii) 2v axial points (±β, 0, 0, . . . , 0) etc., The corresponding equispaced doses design is obtained by changing the axial points from (±β, 0, 0, . . . , 0) etc., to (±2α, 0, 0, . . . , 0)-repeated 'y' times and (iii) n 0 -central points. Thus we note the levels of factors used in these design points are −2α, −α, 0, α, 2α.
Estimation of responses and slopes using a SUBA with two unequal block sizes
with two unequal block sizes and
The unknown levels are obtained by using conditions (1.2) to (1.6),
x 4 iu = 3 x 2 iu x 2 ju for Box and Hunter (1957) rotatability, and (1.2) to (1.6), (1.12) for Hader and Park (1978) slope rotatability.
V (Ŷ
) in SORD at the central point From equations (1.3) and (1.4), we have
Taking λ 2 = 1 (called a scaling condition for comparison of two designs for the same 'v') and on simplification, we get
(from equation (1.8)). (2.6) Simplifying equation (2.6) by taking c = 3, we get
) in SOSRD at the central point The estimate of the slope in the second order model and its variances are obtained by equations (1.9) and (1.10). The required levels α, β in SOSRD using a SUBA with two unequal block sizes can be obtained as follows (cf. Victorbabu (2002b) ):
From the conditions (1.3) and (1.4), we have
From equations (2.10) and (2.11), we get c = r2 t(k) α 4 +2β 4 λ2 t(k) α 4 . Substituting for λ 2 , λ 4 and c in the slope rotatability condition (1.12) and on simplification, we get the biquadratic equation given in equation (1.13). We obtain V (Ŷ u ) and V ( ∂Ŷu ∂x i ) at the central point as follows:
(2.12)
(taking λ 2 = 1),
) in an equi-spaced doses SORD at the central point Following Dey (1970) , an equi-spaced doses second order rotatable design (EDSORD) using a SUBA with two unequal block sizes can be obtained by considering the following design points, (i) b2 t(k) points obtained through the incidence matrix of a SUBA with two unequal block sizes, (ii) 2v axial points viz., (±2α, 0, 0, . . . , 0) etc., repeated 'y' times and (iii) n 0 -central points. Then the design points [α−(v, b, r, k 
give a v-dimensional SORD with equi-spaced levels in N = b2 t(k) + 2yv + n 0 design points. These design points are determined so that they satisfy conditions (1.2), (1.3) and (1.4). From equations (1.3) and (1.4), we have
From equations (2.15) and (2.16), we get y = (3λ − r)2 t(k)−5 . Taking λ 2 = 1 in equation (2.14), we can find α. We thus get the variances of estimates of responses and slopes at the central point as
V (Ŷ u ) and V ( ∂Ŷu ∂x i
) in an equi-spaced doses SOSRD at the central point Following Victorbabu et al. (1994) and Victorbabu (2002a) , an equi-spaced doses second order slope rotatable design (EDSOSRD) can be obtained by considering the following design points, (i) b2 t(k) points obtained through the incidence matrix of an SUBA with two unequal block sizes, (ii) 2v axial points, viz., (±2α, 0, 0, . . . , 0)-repeated 'y'-times, and (iii) n 0 -central points. Then the design points [α − (v, b, r 
and n 0 turns out to be an integer.
For the design points generated from SUBA with two unequal block sizes, conditions (1.2), (1.3), and (1.4) hold. Hence,
We have x 4 iu = c x 2 iu x 2 ju which leads to 'y' given in (2.17). From the slope rotatability condition (1.12), we get n 0 . The value of 'α' can be obtained from the scaling condition. We thus get the variances of estimates of responses and slopes at the central point as V (Ŷ u ) = V (b 0 ) and V (
V (Ŷ u ) and V ( ∂Ŷu ∂x i ) in SORD at axial points
Here we evaluate V (Ŷ u ) and V ( ∂Ŷu ∂x i ) at the axial points in SORD as follows:
where in the axial point x i = ±p, other coordinates are zero. 
V (Ŷ u ) and V (
V (Ŷ u ) = V (b 0 ) + p 2 [V (b i ) + 2 Cov(b 0 ,b ii )] + p 4 V (b ii ), (2.24) V ∂Ŷ u ∂x i = 1 N λ 4 + λ 2 p 2 λ 2 λ 4 σ 2 = 1 N 1 + p 2 λ 4 σ 2 (taking λ 2 = 1). (2.25)
V (Ŷ u ) and V ( ∂Ŷu ∂x i
) for an equi-spaced doses SORD at axial points Here we find the variances of estimates of responses and slopes as follows: (2.27) at (0, 0, . . . , ±p, 0, 0) with x i = ±p.
) for an equi-spaced doses SOSRD at axial points Here we find the variances of estimates of responses and slopes as follows:
(taking λ 2 = 1). 
V (Ŷ u ) and V (
) in SOSRD at cube corner points
Here we obtain V (Ŷ u ) and V ( ∂Ŷu ∂x i ) at cube corner points in SOSRD as follows:
) in equi-spaced doses SORD at cube corner points Here we find the variances of estimates of responses and slopes at cube corner points.
(taking λ 2 = 1).
V (Ŷ u ) and V ( ∂Ŷu ∂x i
) in equi-spaced doses SOSRD at cube corner points Here we find the variances of estimates of responses and slopes at cube corner points.
Comparison of efficiencies of different second order designs for the estimation of responses and slopes
The variances of estimates of responses and slopes at (i) Central point (0, 0, . . . , 0), (ii) Axial points (±p, 0, . . . , 0), (0, ±p, 0, . . . , 0), . . . , (0, 0, . . . , ±p) and (iii) Cube Corner points (±p, ±p, . . . , ±p) are computed for 6 ≤ v ≤ 15 using an SUBA with two unequal block sizes in the second order response surface design. The results are given in Tables 1 and 2 in the Appendix.
The variances of estimates of responsesŶ u and slopes
are further computed for special values of p = 0.25, 0.50, 1.00, 2.00 in the case of axial and cube corner points besides the central points in all the above designs, and the numerical results regarding the comparative efficiencies of the above designs are given in Table 2 in the Appendix.
On the basis of this analysis certain broad conclusions are drawn regarding the efficiencies of the above designs for the estimation of responses and slopes, and certain practical recommendations are made in this connection regarding the choice of a suitable design (design with lower variance) for the estimation of responses and slopes at central, axial and cube corner points.
Conclusion
There is no uniform best design for the estimation of responses and slopes at central points, axial points and cube corner points on the second order response surface for different values of v and p. However, the following broad conclusions can be drawn from the analysis of Table 2 in the Appendix.
1. For the estimation of responses at the central point, axial points and cube corner points, SOSRD using a SUBA with two unequal block sizes seems to be the preferable design.
2. For the estimation of slopes, (i) at the central points all designs are equally good, (ii) at axial points, EDSOSRD using a SUBA with two unequal block sizes seems to be generally the preferable design, and (iii) at cube corner points, SOSRD using an SUBA with two unequal block sizes seems to be generally the preferable design.
Thus for simultaneous estimation of responses and slopes at central, axial and cube corner points, EDSOSRD using an SUBA with two unequal block sizes seems to be generally the preferable design from this limited study. (9, 12, 7, 3, 6, 3, 9, 4) SORD SOSRD EDSORD EDSOSRD Note: 
